Abstract. We consider a generic scalar-tensor theory involving a shift-symmetric scalar field and minimally coupled matter fields. We prove that the Noether current associated with shift-symmetry vanishes in regular, spherically symmetric and static spacetimes. We use this fact to prove the absence of scalar hair for spherically symmetric and static stars in Horndeski and beyond theories. We carefully detail the validity of this no-hair theorem.
Usually, more restrictive assumptions must be added to maintain their validity (see [6] for a review about the scalar-tensor case). For example, in the case of static black holes, there exists a no-hair theorem [7] , which under specific hypotheses [8, 9] , dictates that black holes are identical to GR with a constant scalar field. If the no-hair hypotheses are not met, the theorem provides quite stringent guidelines on how to obtain non-trivial scalar-tensor black holes, and some solutions have been found [8, [10] [11] [12] [13] [14] [15] [16] [17] . They either deviate from the Schwarzschild metric, or on the contrary are essentially indistinguishable from GR solutions at the background level. Little is known on stationary solutions [17, 18] and even less on binaries. On the other hand, when considering star solutions, the uniqueness theorems break down even in GR. Would the introduction of a fundamental scalar field enrich the spectrum of GR star solutions, and in what way?
In this paper, we provide the first step, namely a no-hair theorem, investigating the spherically symmetric and static star configurations in scalar-tensor theories with minimal matter coupling. We show that these configurations are generically trivial under the key requirement that only derivatives of the scalar field are present in the action (with some extra technical assumptions). We prove in Sec. 2 that in a regular, spherically symmetric and static spacetime, there cannot be a non-vanishing and time-independent scalar flow. In Sec. 3, we use this fact in the framework of Horndeski and beyond theories. Horndeski theory is the most general theory involving a metric and a scalar field while maintaining secondorder field equations [19] . Requiring second-order equations is enough to ensure the absence of an Ostrogradski instability. Recently though, it was pointed out that one can consistently go beyond this requirement [20] [21] [22] . Indeed, certain theories lead to third-order equations of motion, but at the same time they keep a dynamical structure with the right number of canonical degrees of freedom [23] [24] [25] [26] [27] . Such degenerate theories go by the name of beyond Horndeski theories, and we investigate them as well in this paper. We examine in detail the various assumptions that lead us to the no-hair result, and enumerate the possible ways out. We make the link with black hole configurations, underlining the similarities and differences with stars. Finally, Sec. 4 contains our conclusions.
No influx on stars
We consider a metric theory that involves a non-minimally coupled scalar field, entering the action only via its derivatives 1 . We allow the presence of standard matter, minimally coupled to the metric. Namely, we analyze the following action:
with p, q ≥ 2 and finite. φ denotes the non-standard scalar field; the matter action S m involves matter fields collectively denoted as Ψ. The latter obey the weak equivalence principle. By construction, the action is not affected by a homogeneous shift of the scalar field φ → φ + C. There accordingly exists a conserved Noether current:
We restrict our attention to a spherically symmetric and static geometry which is regular everywhere. Black holes are thus excluded from our analysis; rather, we have in mind star configurations. The scalar field is assumed to respect the symmetries of spacetime 2 . The general ansatz that respects these conditions reads:
with f and h two arbitrary functions of the radial coordinate. Such an ansatz for the scalar field and the metric imposes that the only non-vanishing component of the Noether current is the radial one. The conservation equation is then easy to integrate. It reads:
the generic solution of which is:
where Q is a free integration constant. One can think of Q as a scalar charge, in the sense that it gives the far-away behavior of the scalar field. For instance, assuming flat asymptotics, the presence of a standard kinetic term (∂φ) 2 in the action imposes that φ will decay like Q/r at infinity (up to an arbitrary constant). In a static configuration, it seems problematic that a non-vanishing flux can indefinitely flow towards the origin of coordinates. Indeed, we will now prove that such star configurations are forbidden, i.e. that Q has to vanish. To draw a parallel, Maxwell's equation in vacuum div(E) = 0 also locally allows a radial electric field E = Cr/r 3 . However, integration over an extended domain imposes that E actually vanishes in the absence of a charge distribution. Similarly here, J µ will vanish because it is not sourced. To prove that J µ is indeed zero, we integrate the conservation equation over a particular 4-volume V. This volume is defined as the interior of a 2-sphere of radius R between time t = 0 and T , as displayed in Fig. 1 . Matter fields are not required to be located in a compact region. To set the ideas though, one can think of a star located at the origin of coordinates, with matter fields present below the surface r = R * .
We have explicitly required that the geometry is regular everywhere, in particular at the origin of coordinates. Therefore, V is a compact manifold with boundary ∂V. From Fig. 1 , it is easy to understand that ∂V consists of the top, bottom and side of the light gray cylinder. More precisely, the top and bottom are the interior of 2-spheres of radius R, at time T and 0 respectively; the side S is the Cartesian product of the 2-sphere of radius R with the segment of time [0; T ]. The Gauss-law version of Stokes's theorem for J µ then reads:
where n µ is the outward-pointing unit vector normal to ∂V. because n µ and J µ are orthogonal on these surfaces. Thus,
This is valid for arbitrary R. The only solution is to set J r = 0, or equivalently Q = 0. Therefore, a permanent influx of scalar current is forbidden for a star configuration. Note that, so far, our proof follows a path similar to the one developed in [31] . Reference [31] deals in particular with a special type of Lagrangian, where a linear coupling between the scalar field and the Gauss-Bonnet invariant is present. Such a theory is included in the class (2.1) up to boundary terms, because the Gauss-Bonnet invariant is a total divergence. Due to this fact precisely, the associated scalar field equation can be put under the form of a conservation equation. Using this fact and under some assumptions on the faraway behavior of the metric, the authors of [31] prove that the scalar field cannot exhibit a 1/r decay at infinity. In the next section, we show that shift symmetry together with certain hypotheses-notably excluding the cause of linear coupling to Gauss-Bonnet invariant-allows to establish a considerably stronger result for the very general theory (2.1).
No scalar field around stars
In this section, we specialize to Horndeski and beyond theories. Using the result of the previous section, we prove a no-hair theorem for stars. The shift-symmetric version of Horndeski and beyond theories belongs to the class (2.1), so the above discussion is valid. Explicitly, shift-symmetric Horndeski and beyond theories are labelled by 6 arbitrary functions G 2 , G 3 , G 4 , G 5 , F 4 and F 5 of the kinetic density X = −∂ µ φ∂ µ φ/2:
with
where a subscript X stands for the derivative with respect to X, R is the Ricci scalar, G µν is the Einstein tensor, (
The F 4 and F 5 functions correspond to beyond Horndeski terms. If one leaves them aside, one gets back to the original Horndeski theory. Using the ansatz (2.4), the radial component of the Noether current reads
where a prime stands for a derivative with respect to the radial coordinate r. We know from the previous section that J r vanishes. To conclude about the trivial character of the scalar field, we also assume that the geometry is asymptotically flat and that the scalar field decays at infinity: f, h → 1 and φ → 0 as r → ∞. Finally, we impose requirements on the form of the action. We first require the presence of a standard kinetic term X ⊆ G 2 . Secondly, we ask that the action (2.1) is analytic around the point φ = constant, so that one can expand it perturbatively around a trivial scalar configuration. This is achieved only when the G i and F i functions are analytic themselves. Under these conditions, (3.8) can be put under the form
where J depends analytically on φ since X = −φ 2 f /2 and the G i and F i functions are analytic. The vanishing of J r locally splits the solutions into two branches: at any point, either φ or J vanishes. Let us demonstrate that, under the assumptions we made, φ = 0 is the solution. Indeed, a careful examination of the various terms in (3.8) shows that J (0, 1, 0, r) = −1. Therefore, using asymptotic flatness, J tends towards -1 at infinity. Let us consider a radius r 1 large enough for J to remain negative when r ≥ r 1 . Since J r cancels exactly everywhere, so does φ in the whole outer region r ≥ r 1 . As a consequence, the contribution of the scalar to the field equations vanishes in this region, and the solution is uniquely given by GR. It is Schwarzschild geometry if no matter is present, or else some specific (GR) star solution. We must finally establish that φ also cancels in the inner region 3 . For r ≥ r 1 , since φ vanishes, the expression of J is easily derived from (3.8):
where G rr is the (rr) component of Einstein tensor. We see that the presence of a linear term in G 4 (X) is important. At this point, we make a last simplifying assumption: that G 4X (0) = 0. The case G 4X (0) = 0 is considered separately in Appendix A where we argue that, even in this situation, one still cannot build any nontrivial viable solution. Thus, as long as φ = 0, J = −f . When entering the region r < r 1 , J remains non-zero by continuity. Accordingly, φ does not deviate from 0. This in turns implies that J remains equal to −f . Since the geometry is regular, f does not vanish anywhere, and neither does J . We have no other choice than to stick to the φ = 0 branch. We are left with GR as the unique solution over 0 ≤ r < +∞.
Let us summarize what we have proven, and under which conditions. Consider any shiftsymmetric Horndeski or beyond theory with a minimally coupled matter sector, as in (3.1). We assume that:
1. the metric and scalar field are regular 4 everywhere, spherically symmetric and static, 2. spacetime is asymptotically flat with φ → 0 as r → ∞, 3. there is a canonical kinetic term X in the action, and the action is analytic around a trivial scalar field configuration.
Under these hypotheses, we conclude that φ is constant, and that the only solutions are the GR ones. In particular, star solutions are identical to their GR counterpart. The result and assumptions of this theorem are very close to the no-hair theorem for black holes formulated by Hui and Nicolis [7] . Of course, the latter does not assume that spacetime is regular everywhere. Instead, it requires that the norm of the current J 2 is finite at any point, especially when approaching the horizon. Interestingly, this extra assumption imposes that J r = 0 everywhere. In the situation we examined in this paper, the regularity of spacetime unequivocally imposes that J r vanishes. When studying a black hole, one has to impose an additional regularity assumption on the current. Apart from this subtlety, the end of the proof is similar in both cases 5 , because it only relies on asymptotic flatness. In the 3 One could think that the system of field equations together with the GR-like initial conditions at r = r1 constitute a well posed Cauchy problem, thus forcing the solution to be GR in the inner region. However, because of the branch structure, the Cauchy-Kowalevski theorem does not apply. 4 By regular, we mean that the metric and the scalar field are C 1 , and that the metric is invertible in the chosen system of coordinates.
5 In [7] , the step J r = 0 ⇒ φ = 0 follows simply from Eq. (3.10). Indeed, the absence of matter imposes that G rr = 0, so J cannot vanish down to the horizon, sparing one the discussion of Appendix A.
case of black holes, asking for the norm of the current to be finite is not a trivial requirement. The question amounts to know whether a divergence of J 2 has any observable effect. In [8] , black hole solutions were studied in the following theory:
where M Pl is the Planck mass, α is some dimensionful coupling constant andĜ = R µνρσ R µνρσ − 4R µν R µν + R 2 is the Gauss-Bonnet invariant. This theory belongs to the class (2.1) because the last term is equivalent to the choice G 5 (X) = −4α ln |X|. Although not stated in [8] , the norm of the current diverges at the horizon for the exhibited solutions, see [9] . However, the metric is regular everywhere. Furthermore, actions of type (2.1) do not couple the scalar current to matter by construction. It is therefore not obvious whether such solutions should be ruled out or not. The answer to this question necessarily involves the study of the dynamical collapse of stars into black holes in this theory 6 . For the moment, nothing guarantees that the endpoint of such a collapse would be the solution described in [8] . In particular, the solution requires a very particular tuning between the mass and scalar charge of the black hole.
A number of ways out exist for the black hole no-hair theorem in Horndeski and beyond theories (see [9] for a recent review). Since the theorem we propose relies on very similar assumptions, the same possibilities are offered to escape from it. In particular, one should be able to find hairy star solutions embedded in an asymptotically de Sitter universe. Some ways out have actually already been explored: a series of papers [29, 33, 34] focused on solutions where the scalar field is allowed to acquire time-dependence, and also on static solutions with no canonical kinetic term. Finally, one could circumvent the theorem by constructing star solutions with non-analytic G i or F i functions, as was done for black holes in [17] . The solution presented in [8] clearly cannot be used for describing the exterior of a star, since it possesses a non-vanishing current. Rather, the faraway behavior of the star solutions of theory (3.11) is the one derived in [17] , with a scalar decaying as O(1/r 4 ), and O(1/r 7 ) corrections to the Schwarzschild metric 7 .
Conclusion
We proved that a shift-symmetric scalar-tensor theory cannot accommodate a non-vanishing Noether current as soon as spacetime is asked to be regular, static and spherically symmetric. Using this result, some complementary assumptions allow us to conclude that stars cannot develop scalar hair in Horndeski and beyond theories. Star solutions are therefore identical to GR solutions for these theories. This extends what was known previously in the case of black hole geometries. Most of the ways out known for black holes still allow to evade the theorem for stars, with the notable exception of black hole solutions with non-vanishing current [8] . An unexplored class of hairy star solutions would be generated by generalizing the results of [17] to star configurations.
Interestingly, our result is complementary to what Barausse and Yagi derived in [35] . They investigated gravitational wave emission in shift-symmetric Horndeski theory. Under assumptions that are very similar to those we made here, they showed that, at leading PostNewtonian order, gravitational wave emission for star binaries is not modified with respect to GR. This result concerns wave propagation, while our theorem focuses on the static structure of stars. However, they both combine to point at the absence of differences between GR and shift-symmetric (beyond) Horndeski theories.
A natural question to ask is whether this no-hair theorem can be extended to stationary solutions. The result of [35] about gravitational waves only requires stationarity, which might be an indication that the theorem developed presently remains valid. Additionally, an extension of the theorem for stars would probably be transposable to black holes, since the arguments are very similar in both situations. This is an interesting track for future studies. From these two equations, one can extract the behavior of φ close to r 0 . To do so, we notice that such a transition would happen inside the star and not at its surface, since the pressure P would reach the value 1/(16πβ) already. It is therefore natural to ask that P (r 0 ) = 0 (there may exists modified gravity models where P = 0 at some non-zero radius, but there is absolutely no reason why this would happen precisely when P = 1/(16πβ)). We end up with 6) where P 0 and f 0 are respectively the value of P and f at r 0 . However, this square root behavior is problematic. It leads to a jump in φ φ , which enters the (tt) component of the stress-energy tensor associated with φ. Therefore, either the metric or the matter fields must undergo a similar jump, which contradicts the assumption about their C 1 character. Thus, even when G 4X (0) = 0, no physically sensible solution seem to exist apart from GR.
